Intracellular Ca signals represent a universal mechanism of cell function. Messages carried by Ca are local, rapid, and powerful enough to be delivered over the thermal noise. A higher signal to noise ratio is achieved by a cooperative action of Ca release channels such as IP3 receptors or ryanodine receptors arranged in clusters (release units) containing a few to several hundred release channels. The channels synchronize their openings via Ca-induced-Ca-release, generating high-amplitude local Ca signals known as puffs in neurons and sparks in muscle cells. Despite positive feedback nature of the activation, Ca signals are strictly confined in time and space by an unexplained termination mechanism. Here we show that the collective transition of release channels from an open to a closed state is identical to the phase transition associated with the reversal of magnetic field in an Ising ferromagnet. Our new simple quantitative criterion closely predicts the Ca store depletion level required for spark termination for each cluster size. We further formulate exact requirements that a cluster of release channels should satisfy in any cell type for our mapping to the Ising model and the associated formula to remain valid. Thus, we describe deterministically the behavior of a system on a coarser scale (release unit) which is random on a finer scale (release channels), bridging the gap between scales. Our results provide the first exact mapping of a nanoscale biological signaling model to an interacting particle system in statistical physics, making the extensive mathematical apparatus available to quantitative biology.
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Introduction
Clusters of release channels play a fundamental role in biological systems as elementary signal generating, processing, and amplifying units, like transistors in electronics. The time scale for termination of the rapid high-amplitude signals generated by such units, together with scales of other elementary cellular processes such as driving molecular motors and refractory periods of action potentials, determines the emergent scale of crucial life functions such as heartbeat, muscle motion, and brain activities.
As molecules interact, the signal termination is an emerging property of the channel cluster, rather than a property of an individual channel. This nanoscale system of interacting molecules which generates elementary biological signals is particularly interesting because this is where physics meets biology. Despite extensive experimental and numerical studies on the nanoscale, including structures of individual molecules and their locations (1) (2) (3) (4) , the universal links of synchronized intracellular signals to physics remain mainly unknown and conceptual understanding remains elusive.
The crucial importance of local Ca signaling amplified by Ca-induced-Ca-release (CICR) (5) for regulation of cardiac muscle contraction was theoretically predicted in 1992 (local control theory (6)), and further validated by the experimental discovery of Ca sparks (7). Sparks are generated by release channel clusters (Ca release Units, CRUs) in the form of localized Ca releases from junctional sarcoplasmic reticulum (SR). The sparks are strictly confined in time and space to roughly 20-40 ms by 2 µm by a powerful termination mechanism. Stochastic attrition, local SR depletion, coupled gating, channel inactivation, and lumenal regulation have been suggested as potential mechanisms of spark termination (review (8)). Since 2002 Sobie et al. model (9) the effect of mass action (decreasing Ca flux with Ca spark duration and loss of Ca in the SR) is a common driving element is virtually all of the spark models and central to the termination mechanism via interrupting CICR (10) in "pernicious attrition" (11) or "induction decay" phenomenon (12), i.e. the process opposed to CICR that facilitates channel closure within the CRU. The model formulations have improved further via superresolution modeling of calcium release (4), but the only "feature" that appears to have disappeared from all current models is the need for RyR inactivation. Thus the current consensus in the field on the spark termination problem is that SR depletion decreases the RyR channel current and therefore RyR interactions to the point that CICR can be sustained any longer, culminating in spark termination.
At the same time, previous studies have not provided a mathematical understanding of this emerging behavior.
Here we apply statistical mechanics to describe quantitatively and deterministically the collective behavior of release channels within CRUs during spark termination. Specifically, we show that the channel synchronization that corresponds to termination of signals generated by a CRU is described by the same equation (and thus works on the same principle) as the phase transition associated to the change of magnetic field in an Ising ferromagnet.
The Ising model describes ferromagnetism using a square grid of interacting binary (+/-1) random variables representing atomic spin. An analytic solution of the 2D-case of this model was found by Onsager (13) . The spins "want" to be aligned, and in the absence of magnetic field they can synchronize to either a +1 or -1 state. The application of a magnetic field breaks this symmetry, and the spins synchronize according to the sign of the magnetic field culminating in the phase transition. Thus the magnetic field indicates which state the spins "prefer." As described above, Ca release channels also "want" to be aligned in either closed or open state. An open release channel tries to open its neighbors via CICR (5), and similarly a closed release channel favors a closed state of its neighbors (12) .
Following this analogy, we construct an exact mapping between two systems in 2 dimensions: a system of release channels within a CRU and the Ising model of interacting spins within a ferromagnet. Our mapping allows us to describe both systems by the same mathematical formulations. We take advantage of the extensive research on Ising models (since 1920 (14) ); specifically, our criterion for spark termination in a CRU is the same as the well-known fact that the Ising model undergoes a phase transition when the external magnetic field reverses. This criterion closely predicts the depletion level required for spark termination for each CRU size.
We demonstrate this mechanism using numerical model simulations of Ca sparks over a wide range of CRU sizes from 25 to 169 release channels.
Results
We linked a system of release channels within a CRU and the Ising model of interacting spins within a ferromagnet via the same mathematical formulations. Here we formulate four general conditions that a system of release channels should satisfy for our mapping between the two systems to hold. When these conditions are satisfied the RyR interactions are quantitatively identical to the interactions in a carefully constructed version of the Ising model (see Methods):
1. The channels are arranged in a lattice structure. 3. In the absence of interactions, the Ca profile resulting from one channel opening is roughly stable in time, corresponding to time-invariance of channel interactions (achieved e.g. by the joint action of buffer and diffusion out of the channel cluster), and roughly the same for any channel in the cluster, corresponding to translation invariance. 4 . The channel opening rate as a function of Ca can be described by an exponential and the closing rate by a constant.
We vividly demonstrate the above principles by mapping a recent numerical model of sparks in cardiac cells (10) (referred hereafter as Stern model) (Fig. 1) to Ising model. Ryanodine
Receptors (RyRs) in cardiac cells are indeed positioned in a crystal-like square grid and generate sparks by their synchronous opening (Movie S1 and S2 for different grid sizes). The closing rate of RyR is shown to be approximately constant in experimental studies (12) and it has been set to a constant in the original Stern model (10) . RyR opening rate is described by an exponential λe γ [Ca] (red line in Fig. 2A ), and Ca profiles are roughly stable in time (Fig. 2B ). Please note that the exponential in Figure 2A fits experimental data well only in our range of interest from 10 to 100 µM (spark termination range): beyond 100 µM the data points show saturation, but at the low resting Ca of 0.1 µM, the opening rate is expected to be substantially lower than that approximated by λ (to match the known resting spark rate). To make sure that our Ising model operates within the realistic exponential fit, we estimated [Ca] at channels in closed states (Fig.1C , bottom panel) using numerical simulations and found that on average this [Ca] stays below 80 µM (i.e. within our fit in Fig. 2A ).
We next read off the Ca profile ψ that results from the opening of one RyR (Fig. 2C ) and we let the interaction profile ϕ(r) = ψ(Ur)/ ψ(U) in our version of the Ising model be a normalized and scaled version of ψ (U is the distance between channels). The Ca diffusion out of the CRU corresponds to imposing a negative boundary condition. Using #4 we can construct a dynamic for the Ising model that satisfies detailed balance. This means that the Markov chain is reversible and implies convergence to the explicitly known equilibrium (Gibbs) measure given in equation 2 (Methods).
From our exact mapping we derive a formula for the analogue of the magnetic field h (Methods), which reflects an imbalance in the probability and indicates whether release channels "prefer" an open or a closed state:
Here β=γψ is analogue of inverse temperature in classical Ising model; C =117 s -1 is the channel closing rate; λ and γ determine the opening rate as λe γ [Ca] ( Fig. 2A ). The transition is expected at h just above 0, equivalent to reversal of polarity in ferromagnetism. Because C, λ, γ are constants, but ϕ (and ψ) and its integral over neighboring channels depend on the grid size and
, we explored h vs. these two parameters and found that h reverses at lower Ca SR levels in larger grids (Fig. 2D ).
We tested Ising model predictions in in silico experiments using Stern model, in which Ca SR was clamped at various levels. As Ca SR increases from 0.1 to 0.15 mM the system undergoes a sharp transition from terminating sparks to sparks that do not terminate ( Fig. 3A) . At higher Ca SR levels, the local [Ca] remains high, despite a negative boundary effect (Fig. 3B ).
We further examined statistics of the termination time transition for different grid sizes and compared them to the Ising model prediction. As Ca SR increases, the termination time indeed undergoes a sharp increase (>10,000 ms) due to a phase transition for all grid sizes tested (Fig. 4A ). The phase transition onsets are well-described by an exponential function ( Fig. 4B) with steeper exponential rise for larger grids (Fig. 4C ). The Ca SR at which h reverses corresponds closely to the onset of phase transition for each grid size, specifically about 30% increase in termination time in our numerical simulations (Fig. 4D ). This criterion remains effective for physiological conditions, when Ca SR is not fixed; namely, if a spark reaches the h reversal it terminates; otherwise it becomes metastable (Fig. 4E ,F and Movies S3,S4).
Discussion
In the present study we approach the long-standing problem of calcium spark termination by an unexpected (for biologists and physiologists) application of statistical mechanics to the nanoscale biological signaling. We discovered that the spark termination process is mathematically isomorphic (governed by the same equations) to the phase transition associated with the reversal of magnetic field in a classical Ising ferromagnet. As this phase transition in ferromagnets is well-understood, we used this knowledge to formulate a criterion for the phase transition determining the spark termination in the CRU system. Our numerical model simulations have validated the theoretical prediction of the spark termination: they clearly show that sparks terminate when Ca SR depletion reaches the predicted level of the phase transition for each CRU size. Conversely, sparks do not terminate when SR depletion does not reach the phase transition level.
Abnormal sparks which don't promptly terminate (dubbed metastable sparks (10), embers (15), or "leaky" releases (16) Recent numerical studies demonstrated that conditions favoring long-lasting sparks actually include a rather complex (and often counter-intuitive) interplay of SR Ca loading, number of functional RyRs, and RyR gating kinetics (10, 17, 18) . These conditions can be now recast and explained in the new terms of the phase transition criterion formulated in the present study. Thus, our approach could be helpful in effective predicting and directing drug actions to avoid the metastable spark regime and to normalize cardiac rhythm.
One important immediate advantage the CRU to Ising mapping is that it provides a new, much more efficient computational means for evaluating the behavior of models of Ca release channel clusters. Indeed, while the Markov chain formulation has an analytic solution for its steady-state, the number of states is very large for a reasonable size cluster of release channels.
For example, the number of states is 2^(number of channels) that is 2 169 ~ 10 51 (for a RyR cluster of 13 x 13). Thus, computing the dynamics for all states in the full Markovian representation using the analytic solution to Markov matrix involves taking exponentials of huge matrices, which is impractical. Moreover, the full CRU model also includes the dynamics of diffusion of Ca within the cleft, which is not explicitly represented in the Markov model. The only practical way to study such a complex system is by numerical simulations (10, 12) which still require many hours of computing on powerful computer clusters. The analytic representation using statistical mechanics suggested in the present study is much more compact and efficient. It allows the evaluation of the model behavior within milliseconds of computing time for a given channel interaction profile and CaSR level. For example, our rough evaluation of phase transitions for 5 grid sizes required 23,300 simulation runs ( Fig. 4B and Fig. 4D , red symbols), while the same transitions were found virtually instantly by using equation 10 ( Fig. 4D , blue symbols).
Our study extends the domain of applicability of statistical mechanics, which traditionally describes systems with numerous (or infinite) number of elements. Here we show that this relatively small biological system with as few as 25 molecules is able to function utilizing the smoothed-out phase transition associated with finite systems (Fig. 4, Movie S2 ). While larger clusters, such as of 169 molecules, generate stronger local signals, they are "harder" to terminate Ca puffs generated by IP3 receptors (IP3r) are generally accepted to be collective events in which clustered channels are mutually activated by CICR. Their termination mechanism, remains uncertain (28). Our present model cannot be directly applied to puffs, because unlike the RyR, the IP3r is strongly inactivated by high calcium, meaning that our condition (4) only holds for a small part of the calcium range. There is considerable uncertainty about the mechanisms of IP3r opening and closing in puffs (28-30), so it is premature to speculate on details of any possible extension of the Ising paradigm to puffs. On the other hand, in 2009
Smith and Parker (31) resolved individual openings and closings of IP3r's during a puff that showed a tendency for IP3r's to close abruptly and collectively ("square" puffs). Wiltgen et al.
(28) examined further the "square puff" phenomenon and showed unambiguously that IP3r's in a decaying puff do not behave independently, but tend to close synchronously. This implies some kind of "closing signal" coordinating the various channels. The nature of this signal remains unknown. However, the collective inactivation may be suggestive of some kind of phase transition, and a "closing signal" could be accommodated in an Ising-like model. has to be at least as wide as the effective interaction range, which in our case will be around 5.
To be precise, if Λ is a n by m grid, b Λ will be a n+10 by m+10 grid with Λ situated in the
Here the first sum is over b Λ instead of Λ . This is necessary to ensure the interaction with the boundary.
In physics, h is the magnetic field. The Hamiltonian can be interpreted as the energy of the system. The equilibrium measure (Gibbs measure) is given by
The normalization constant Z is well-defined since our lattice Λ is finite, and we will not need to know it explicitly for our analysis. 
x σ coincides withσ everywhere except at x, where the spin is reversed. To obtain a Glauberlike dynamic for the Ising model, it suffices to choose a spin uniformly at random at each time increment and to give the probability that it flips, i.e. to give ( )
The condition on P that guarantees that π as in [2] is indeed the equilibrium measure for the The detailed balance equations will be satisfied for a wide variety of rates P, so we can choose P to be most appropriate to our CRU model. Since we know that the release channel opening rate is an exponential while the closing rate is a constant, we look for P so that the transition from -1 to 1 is exponential while the transition from 1 to -1 is a constant. This indeed can be achieved simultaneously with the detailed balance condition. If balance. Thus, the Markov chain is given as follows. We pick a location x uniformly at random, and define the transition matrix P to be:
Here time is continuous and the above are transition rates. In our numerical model, time is discrete and we take 0.05 t ∆ = ms. The transition matrix with the discretized time becomes
for ( ) 1 [6] ( , ) for ( ) 1
and we ensure that t ∆ is small enough so that all transition probabilities are smaller than 1.
Letting also ( ) 1 , , ) ( We let ψ be the 1D slice of the time-stable spatial calcium profile resulting from the opening of one release channel. This is sufficient to contain all the information about the calcium profile since ψ is rotationally symmetric. We obtain ψ from our numerical simulation. However, ψ is an immediate result of the environment, including current, diffusion, and buffer and is not an emergent property. We interpret it as a scaled interaction profile, and let φ in [1] The distance between CRUs is assumed to be too large for calcium from one CRU to influence another. On the other hand, calcium is diffusing out of the CRU and in this way the release channels in the CRU interact with the outside. The model would be identical if the CRU were surrounded by release channels that are always closed. In this way, the boundary condition of the CRU model is equivalent to a negative boundary condition of the Ising model.
We will compute the analogues of inverse temperature β and the magnetic field h in our Henceforth in this section, let us fix a site x ∈ Λ and suppress the dependence on x in T s , L s , N s , and S for ease of notation. Then we can rewrite the expression in the exponent of the Ising -1 to +1 transition probability in [5] in the following way:
In the last approximate equality, we have replaced ( ) s 
Rewriting h in terms of the calcium profile ψ we obtain
Since h is the analogue of the magnetic field in the CRU model, the emergent behavior of release channels can be predicted based on h. During termination all the release channels begin in an open state (analogous to +1). The Ca diffusion out of CRU is equivalent to a negative boundary condition. We can hence deduce the signal termination criterion: If h< 0, then the spark will terminate and this termination is mathematically identical to reversal of polarity in ferromagnetism. Mathematically, this phase transition follows from the Lee-Yang theorem. On the other hand, if h> 0, the spark will be metastable. 
